Abstract-Wave-propagation equations, including effectively the second derivative in time under the condition of a small difference between the group and phase velocities and the first derivative in position in the group velocity coordinate, are derived based on the slowly evolving wave approximation. These can describe ultrabroadband optical pulse propagation with not only self-phase modulation (SPM), but also induced-phase modulation (IPM) in the monocycle regime in a fiber. It is shown that linear dispersion effects can be rigorously included in the numerical calculations. Calculations including SPM in a single-mode fused-silica fiber with the Raman effect are performed and compared with experimental results. Also, calculations including IPM in the fused-silica fiber are compared with experimental results. The effects of each term in the calculations on spectra are analyzed and it is shown that inclusion of the Raman effect and the dispersion of the effective core area is important for obtaining better agreement with experiments. It is shown that inclusion of more than third-order dispersion terms is necessary for calculations of monocycle pulse propagation.
I. INTRODUCTION
T HE RECENT development of ultrashort pulse lasers, as well as spectral-broadening and pulse-compression techniques, permit us to use optical pulses which have a duration as short as a few optical cycles with a bandwidth of several hundred terahertz. To describe the propagation of these pulses in a nonlinear optical medium, care must be taken to select what approximations may be used. The slowly varying envelope approximation (SVEA) has been used widely to describe nonlinear pulse propagation in an optical fiber [1] . However, it is applicable only to pulses whose temporal envelope changes slowly as compared with an optical cycle. The other issue is how to describe correctly the linear dispersion relations when the bandwidth of the pulse becomes large such that the conventional Taylor expansion at the center frequency and the use of only the first several terms may not be applicable. For a fused-silica optical fiber, up to the third-order terms are included conventionally [1] . It is straightforward to include higher order terms; however, it is not clear how many terms are required. For some cases, the dispersion relation is given such that the convergence of its Taylor series expansion is slow. For example, the loss dispersion of the capillary fiber is roughly proportional to , where is the angular frequency [2] . Here, we show a method to rigorously include these linear dispersion relations.
Recently, we have proposed to use both induced-phase modulation (IPM) and self-phase modulation (SPM) to generate ultrabroadband optical pulses using a single-mode fused-silica fiber [3] - [5] and a capillary fiber filled with noble gas [6] , [7] . For the fused-silica fiber, the Raman effect may become important when the pulse duration is close to the Raman response time [8] , [9] . Here, equations including these effects are also presented.
To check the validity of the equations thus derived, we calculate spectrum broadening using single-mode fused-silica fiber. In addition, to evaluate the effect of newly added terms in the equation, calculations without one of these terms are also performed. The calculated spectra thus obtained are compared with the experimental spectra and the effect of each term is evaluated from this comparison.
In a recent paper, Brabec and Krausz theoretically showed [10] that the electric field envelope can describe an optical pulse whose duration is as short as one optical cycle and they derived an equation which they called the slowly evolving wave approximation (SEWA). Unlike their equations, ours include the Raman effect, IPM, and all order of terms for waveguide and material linear dispersion. Equations including the Raman effect for SPM are derived by Blow and Wood [11] and Mamyshev and Chernikov [12] , where the dispersion of linear terms is included up to the fourth-order terms for [11] and up to the third-order terms for [12] . However, no explicit method for including all orders of linear dispersion terms was shown and no comparisons between calculated and experimental results for a few cycle pulses were performed.
Detailed comparisons between theoretical and experimental spectra have been done recently by Boyer [13] using 100-fs 0018-9197/01$10.00 © 2001 IEEE pulses near the zero-dispersion wavelength, and the effects of the Raman, as well as the steepening terms, on spectra have been elucidated. . We consider propagation to be in the direction and assume that all fields are polarized in the direction and, hence, consider only that component. Then we write c.c. , where is the unit vector in the direction, is the center angular frequency, and specifies the complex conjugate. We also assume that the Fourier transform of the electric field and the nonlinear polarization envelope functions can be written in the following form:
II. NONLINEAR OPTICAL PULSE PROPAGATION EQUATIONS
where is the vacuum dielectric constant, and is the real part of the propagation constant at . Here, we consider only the third-order nonlinear optical effect with the coefficient . We assume that we can separate the forward-propagating wave and the backward-propagating wave and consider only the one propagating forward. Using first-order perturbation theory [1] in (2), we obtain (5) where is the propagation constant without the nonlinear terms and is determined by the unperturbed cross-section field equation
. Also, . Thus, contains both material dispersion and waveguide dispersion.
can have an imaginary part even if the material does not have a loss or gain as in the case of propagation in a capillary fiber [2] . Converting the units of to [watt ] by multiplying and using the relations and , where is the linear index of refraction of the medium, we have (6) where (7) Taking the inverse Fourier transform of (6), we have (8) where
, and we include the dispersion of up to the first-order terms in the Taylor expansion at .
is given by the Taylor expansion of the propagation constant as (9) At this point, we convert the time coordinate such that the pulse center is always at the time origin as and . Then we have (10) where . Applying the operator to both sides of this equation, we have (11) The first term on the left hand side of this equation can be ignored if , which physically means that the spatial variation of the envelope is much slower than the wavelength. Also, we can show that
The third term on the right hand side of the above equation can be neglected if the difference between the group velocity and the phase velocity of the pulse is small. These two approximations are the same as the SEWA in [10] , but unlike SVEA, and in these approximations there are no conditions specifying the slowness of the temporal change of the envelope as compared with the optical cycle time. Thus, this equation can be used for pulses as short as a single optical cycle. By using these approximations, (10) becomes (12) where and .
III. NONLINEAR TERMS
The nonlinear term may contain both the instantaneous Kerr nonlinearity as well as the delayed Raman response. Considering only the forward-propagating wave, it can be written as (13) where the response function is given by (14) For fused-silica, and (15) where fs and fs [11] . Since changes in are much slower than an optical cycle at , (13) These terms appear because of the difference of the overlap of the spatial modes for induced phase modulation.
V. NUMERICAL CALCULATIONS
Equations (12) or (17) can be calculated by the split-step Fourier method [1] where dispersion terms are calculated in the frequency domain and the nonlinear terms are calculated in the time domain. Dispersion terms can be evaluated in the frequency domain as (18) (19) In the numerical calculations, we utilize the Sellmeier equation to model the dispersion relation of the fused-silica fiber [14] , where the refractive index of the fused-silica as a function of wavelength in m ( m m) is given as
The propagation constant and its derivatives can be calculated from this equation for any . In practice, only the limited number of frequency points used in the fast Fourier transform routine are used in calculations and (18) and (19) are evaluated once and stored in the memory. Thus, the calculation of this method is very efficient.
VI. COMPARISON WITH THE PREVIOUS DERIVATION

A. The SVEA Equation
In the SVEA, we neglect the term in (6) . Also, it is assumed that in (6) In addition to the assumptions and is conventionally assumed in the SVEA. The latter condition implies that for the fused-silica fiber and this condition is clearly not satisfied for the experimental situations considered here. Also in the conventional SVEA, the Raman term is not considered in ( in (16) and (17)).
B. The Equation by Blow and Wood
In the paper by Blow and Wood [11] , the right hand side of (6) is formally defined as using the operator and is written as . However, the nonlinear term must be small to satisfy . In fact, for the present experimental situation, the condition does not hold. However, its form is almost identical to the equation derived using the SEWA.
VII. CALCULATIONS FOR THE FUSED-SILICA FIBER
A. 4.5-Cycle Pulse SPM Case
Calculations for 4.5-cycle pulses in a single-mode fused-silica fiber were performed and compared with experiment. In the experiments, pulses from a Ti:Sapphire oscillator (Femtolasers, M-1) were introduced to a 2.5-mm-long single-mode fiber (Newport F-SPV, the core radius m) by using a reflective objective. The pulse width measured by an autocorrelator was 12 fs and the input-pulse peak power calculated from the measured pulse energy at the fiber output was 175 kW. The input pulse was obtained by calculating the inverse Fourier transform of the spectrum of the input pulse. However, the transform-limited pulse width (8.6 fs) was smaller than the experimentally measured pulse width (12 fs) obtained by a fringe-resolved autocorrelator. To use the pulse with the correct spectrum and the pulse width in the calculation, the temporal duration was adjusted by adding quadratic spectral phase of the form to the experimental spectrum to make the inverse Fourier transform pulse width the same as that of the measured one. It gave the value 9.9 fs /rad. Both values were used as initial calculations. However, it was found that the difference in the spectra was negligible. Thus, in the following, only the results with the negative value are shown.
We consider the material dispersion of fused-silica using the Sellmeier equation for the linear dispersion terms with zero loss. For single-mode fused-silica fiber, it is well known that the effective core area depends on the wavelength and it becomes larger as the wavelength becomes longer compared with the cutoff wavelength of the fiber [1] . For the fiber used in this experiment, the cut-off wavelength and the numerical aperture are 550 nm and 1.6, respectively, which give the core radius as 1.32 m. It is estimated that at the long wavelength, the effective core area becomes quite large. For example, the effective core area calculated from the approximate fundamental mode distribution in [1] ( and , where and and are refractive indices of the core and the clad, respectively) are at a wavelength of 790 nm and at 1000 nm, respectively. Thus, it is expected that, at longer wavelength, the nonlinear effect becomes smaller since the effective core area becomes larger. To include this effect in the calculation, the term in (12) was calculated at the center wavelength and added for the steepening parameters. From the mode equation of the single-mode fiber, the derivative of the effective core area was numerically calculated as a function of wavelength and the value at center wavelength (798 nm) was obtained as . We used the value of the nonlinear refractive coefficient m /W from [15] . Calculations with different levels of approximations were performed. For case (a), the Raman term as well as rigorous linear dispersion terms are used in calculations [see (16) ]. For case (b), to examine the effect of the Raman term on the spectrum broadening, the Raman term is omitted [(21) and in (16)]. For case (c), in addition, dispersion of the effective core area is omitted [ in (12)], and for case (d), the SVEA is used [(21) and (16) with ]. In Fig. 1 , experimental spectra as well as calculated spectra are shown. It is seen that the agreement between the calculation with the equation including all the terms (a) and the experiment is good. When the Raman term is omitted (b), spectrum broadening at the short wavelength is larger in the calculations than in the experiment. This is because the optical energy is transferred to that at the longer wavelength by exciting the molecular vibrations when the Raman effect is present [1] . When the dispersion of the effective core area is omitted (c), spectral broadening at the long wavelength is larger in calculation than in experiment. This is because this effect is included as the additional steepening term in the calculation. When the steepening term is present, the trailing edge of the pulse becomes steep due to the intensity dependent group velocity [1] . This steep trailing edge generates large positive chirp from SPM. In this way, energy is transferred to the shorter wavelength when the steepening term is present. For the SVEA (d), spectrum broadening at the long wavelength is larger in the calculations than that in experiment. This is because no steepening term is included in the SVEA. Also in this case, it was found that the spectrum including rigorous dispersion terms, and the spectrum including only up to third-order terms are almost identical. Thus, in this case, the approximation using up to the third-order term is sufficient.
B. Calculations of 2-Cycle and Monocycle Pulse SPM Cases
Calculations of spectra were performed for propagation of both 2-cycle pulse and a monocycle pulse. The fiber parameters are the same as in the previous subsection. Gaussian input pulses are used and the same soliton number of 1 is used in the calculations . The input pulse width and peak power are 5.32 fs and 204 kW for 2-cycle pulses and 2.66 fs and 815 kW for monocycle pulses, respectively.
Calculated spectra are shown in Fig. 2(i) for 2-cycle pulses. When the Raman term is not included (b), the spectrum intensity at the short wavelength is larger than that with all terms (a). On the other hand, when dispersion of the effective core area is not included (c), the spectrum intensity at the long wavelength is larger than that with all terms.
The calculated spectra for the monocycle case are shown in Fig. 2 (ii). Similar but more pronounced tendencies are observed when the Raman term is omitted (b) and dispersion of the effective core area is omitted (c), as compared with the calculations with all terms (a), like the 2-cycle pulse calculations. In this case, the additional calculation is carried out with the same terms as in (a) except that only up to third-order dispersion terms are included [ in (12) ] is shown (d). There is a difference in spectra between this (d) and the one with all terms (a). Thus for this monocycle case, the inclusion of the dispersion terms only up to third-order terms is not enough. For the 2-cycle calculation, the same calculation is performed and no difference was found between these two spectra. Thus, for the calculation of the monocycle pulse, it is important to include more than the third-order term.
C. IPM SPM Case
For the IPM experiments, the fundamental pulses (center wavelength 797 nm) and the idler pulses (center wavelength 1087 nm) from the Ti:sapphire amplifier system with the optical parametric amplifier (OPA) (BMI, alpha-1000 and comet 400s) was co-propagated in a 3.5-mm-long single-mode fiber (Newport F-SPV). The reflective objective was used to couple pulses in the fiber and the relative delay time between pulses was adjusted by an optical delay line with a micrometer and a position sensor. This delay was calibrated by observing the sum-frequency signal generated by both pulses using a 10 m-thick barium borate (BBO) crystal. In this experiment, both input pulses were evaluated by a second-harmonic, frequency-resolved optical gating (SH FROG) apparatus [16] . The measured pulse widths were 75 and 79 fs for the fundamental and the idler waves, respectively. The spectra when each pulse was propagated separately (i) and when both pulses were co-propagated with one of three different delay times of the fundamental pulse with respect to the idler pulse (0 fs (ii), fs (iii) and fs (iv)) are shown in Fig. 3(a) . The effective core area and its dispersion are included alike in the SPM case, which are and for the fundamental (idler) waves, respectively. The cross overlap integral is given as 3.30 and its dispersions are calculated to be 0.837 and 2.19 for fundamental and idler waves, respectively. Due to the difficulty of separating the propagated output pulse energy from the pulse energy propagating in the cladding, the input power for each pulse was estimated by fitting of the SPM measurements and was determined to be 225 (480) kW for the fundamental (idler) waves. The calculated spectra from (17) are compared with the experimental ones in Fig. 3(b) . It is shown in both cases of the experiment and the calculation that, when these pulses are propagated separately (i), there is no intensity between 880-970 nm. When both pulses are co-propagated (ii)-(iv), the spectra for the fundamental wave and the idler wave are connected by IPM. The intensity of the middle position (indicated by arrows in Fig. 3) is the largest when the delay time is 67 fs compared with that when the delay time is 0 fs. The propagation time difference between these two pulses for a 3.5-mm-long fiber is 58.6 fs. Thus, when the delay time is fs, both pulses overlap near the fiber exit end. For the capillary fiber IPM using the fundamental and the second-harmonic pulses, we have analytically [6] and experimentally shown [7] that the spectrum overlapping becomes largest when both pulses meet near the fiber exit end. The present results indicate that a similar tendency holds for the fused-silica fiber. It is observed that the delay time dependence of the spectra between the experiment and theory agree qualitatively.
VIII. CONCLUSION
The nonlinear pulse propagation equations for a single pulse propagation and for co-propagation of two pulses in a fiber that include rigorous linear dispersions, the Raman effect and the dispersion of the effective core area that can be used for pulses in the single-cycle regime, were derived. These were used in the calculations for SPM spectral broadening and SPM and IPM spectral broadening in single-mode fused-silica fiber and were compared with the experimental results. For the SPM case with the 4.5-cycle pulse, calculations using the newly derived equation gave spectra that agreed well with the experimental spectrum. The effects of omitting the Raman term and the dispersion of the effective core area were investigated. It was found that when the Raman term was omitted, the relative intensity at the shorter wavelength became larger and when the dispersion of the effective core area was omitted, the relative intensity at the longer wavelength became larger. The calculations for 2-cycle and monocycle pulses were performed and it was shown that the inclusion of up to the third-order dispersion terms was enough for the 2-cycle pulse but not enough for the monocycle pulse. The co-propagation of the fundamental and the idler waves from the Ti:sapphire OPA system was experimentally performed and the spectra from IPM as well as SPM as a function of delay time were measured and compared with calculated spectra. The dependence of the spectra untime delay was shown to be similar to the capillary fiber case and the calculated spectra agreed qualitatively with the experimental spectra.
